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Abstract 
This paper shows the results of finite element (FE) analyses of Small Punch Creep 
Testing (SPCT) of a P91 steel at 600°C using two different approaches to model the 
friction between the specimen and the punch. The numerical results obtained by using 
the “classical” Coulomb friction model (i.e. constant friction coefficient) have been 
compared with those obtained by a more modern formulation, which takes into account 
the effects of local loading conditions, i.e. the contact pressure, between the contacting 
bodies (the small disc specimen and the punch) on the coefficient of friction. The aim of 
the work is to investigate the effects of the friction formulation used for the calculations 
on the numerical results representing the output of the test, i.e. the variation of the 
punch displacement versus time and the time to rupture. 
The calculations, carried out for various load levels, showed that the friction coefficient 
is not constant at all positions on the contacting surface between the punch and the 
specimen during the deformation process. The maximum value for the coefficient of 
friction is reached at the contact edge, which is a very important region in the specimen, 
because this is the position at which most of the creep deformation occurs.  
As expected, the displacement versus time curve (that is usually the only output 
obtained from experimental SPCTs) is affected by friction formulation which is used, as 
this directly influences the stress and strain fields in the specimen.  
Keywords: Small punch creep test; friction formulation; finite element method; P91 
steel  
 
 
 
 
 
 
2 
 
Nomenclature  
A Plastic strain coefficient in plastic power-law constitutive model 
AA Apparent contact area 
ap Receiving hole radius 
AR Real contact area 
B Norton’s creep law stress multiplier 
Ca Factor for the definition of the real contact area ratio 
CDM Continuum damage mechanics 
CEB Chang-Etsion-Bogy friction model 
E Young’s modulus 
Ff Tangential contact force 
K Shear strength of the softer material in contact   
KE Kogut-Etsion friction model 
N Normal contact force 
n Norton’s  law stress exponent 
nP Plastic strain exponent in plastic power-law constitutive model 
P Punch load 
p Local contact pressure 
r Radial position in the contact region 
rCONT Radial position of the contact edge 
Rs Punch radius 
SPCT Small Punch Creep Testing 
t Small disc specimen thickness 
tf Time to failure 
α Real contact area ratio 
c   Creep strain rate 
Δ Punch displacement 
ΔuCLAMP Boundary conditions displacement of the upper clamp 
εp Plastic strain 
  Coefficient of friction 
   Average friction coefficient 
LIM  Limit value for the coefficient of friction 
ν  Poisson ratio 
σ Stress 
σy Yield stress 
σu Ultimate stress 
f   Contact shear stress 
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1. Introduction 
Small punch creep testing (SPCT) is a technique which is used to obtain approximate 
creep properties of materials operating at high temperatures when the amount of 
material available for testing is very limited, such as is the case with scoop samples from 
in-service components, heat-affected zones (HAZ) of welds or in the development of 
new high temperature alloys [1-6]. Compared to other small specimen creep test 
methods, such as the small ring or impression creep test methods, the main advantage 
of the small punch creep test is that the specimen is taken to failure and therefore 
rupture related data is also obtained. 
In view of these advantages, many researchers have investigated the methods used for 
the interpretation of SPCT data, in order to improve the understanding of the 
mechanisms governing the response of the specimen and to establish a reliable 
procedure to correlate the results of the small punch creep test with those of the 
conventional uniaxial creep test [1, 5, 7-16].  
No universally accepted data conversion method is yet available, due to the very 
complex mechanical response of the specimen, characterised by various interacting 
non-linear features, such as large deformations, large strains, non-linear material 
behaviour and non-linear contact (and contact friction) between the specimen and the 
punch. 
In view of this complex behaviour, finite element (FE) analysis is a useful tool for use in 
the investigation of SPCT and analytical or semi analytical solutions, developed for less 
complex problems, such as that of spherical contacting bodies, (see, for instance, ref. 
[17]) or of the indentation testing with a flat punch. In these cases, global deformations 
are relatively small, and are not applicable to the SPCT case.  
Several finite element models of SPCT have been reported in the open literature [1, 5, 7, 
12-15, 18]. In all cases, the “classical” Coulomb friction model was used with typical 
values assumed for the friction coefficient, μ, at high temperature, being in the range 0.1 
to 0.5. Dymacek et al. [7] showed that the chosen friction coefficient is a key factor in 
SPCT finite element modelling, and they have investigated its effects on the stress and 
strain distributions obtained by the FE solution [8].  
The “classical” Coulomb friction theory has significant limitations, and its application is 
bound to induce some degree of inaccuracy in the results of SPCT finite element models. 
Several researchers showed that the interaction of two contacting rough surfaces 
cannot be described as an intrinsic property of the interface, as assumed in the Coulomb 
model [19-22]. Tabor pointed out that the friction conditions between two rough 
contacting bodies depends on the real area of contact and the size of the asperities 
(related to the local stress conditions), the nature and the strength of the bond 
generated at the interface (related to the characteristics of the contacting surfaces) and 
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the deformation and rupture modes of the material in the region in the vicinity of the 
contact, which is related to the local material properties [19, 22-26].  
Leu modified the Tabor friction model and proposed a dry friction formulation for metal 
forming based on a 3D stress element under a contaminant film, taking into account the 
real contact area, the surface roughness, the contact conditions and the contact pressure 
[27]. The condition under which global sliding occurs between the contacting surfaces 
was described as being similar to the von-Mises failure criterion. 
Chang et al. developed a multi asperity static friction model (CEB model) [28] for 
metallic rough surfaces. Spherical contacting asperities were assumed to have the same 
radii and randomly distributed heights (a Gaussian probability density function is used). 
The interface was assumed to be capable of transmitting tangential load until yield 
occurs in a single asperity (yielding inception), leading to global sliding (sliding 
inception). Kogut and Etsion [21, 22] pointed out that tangential load can also be 
transmitted after the inception of the yielding of the asperities, since a yielded asperity 
is surrounded by asperities which are subjected to elastic deformation and can still 
carry tangential load. In view of this, they introduced an improved multi asperity static 
friction model (KE model) [22] for elastic-plastic contacting of rough surfaces, by using 
finite element analysis results, and showed that the CEB model underestimates the 
friction coefficient. Both the CEB and KE models are multi-asperities models, and are 
based on different assumptions from those of Leu’s formulation, i.e. the loss of 
tangential load carrying capability due to plastic yield of asperities. 
Accurate contact modelling is  of vital importance for any friction model [19]. When the 
“first body” approach is used, i.e. when the interacting bodies are of primary interest 
and are modelled without detailed description of the interacting surfaces considered as 
separate bodies, finite element analysis is a useful tool for improving the understanding 
of the contact problem between two rough surfaces [29]. 
In view of the limitations of the Coulomb theory and the effects of the friction coefficient 
on the results of SPCT finite element analyses [8], more accurate procedures for friction 
modelling are needed for application in SPCT numerical analyses. 
In this paper, the results of SPCT finite element analyses with Leu’s friction model [27] 
are described and they are compared with the results of analyses obtained by using the 
constant friction coefficient theory. Leu’s friction formulation is addressed in Section 2, 
while the finite element model which was developed for the analyses is described in 
Section 3. The numerical results are described and discussed in Section 4, followed by 
the concluding remarks, in Section 5. 
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2. Leu’s Friction model 
The classical Coulomb’s friction model has been used in all of the finite element models 
reported in the open literature for the small punch creep test [1, 5, 7, 8, 12-16, 30, 31]. 
The interacting bodies are assumed to be in sticking conditions until the ratio of the 
transmitted shear stress to contact pressure equals the friction coefficient, μ, and the 
inception of global sliding occurs. The friction coefficient is often assumed to be 
constant over the interface between the contacting bodies and it is taken to be an 
intrinsic characteristic of the interacting surfaces. 
An explanation of the friction interaction between two contacting surfaces was 
proposed by Bowden and Tabor [32]. They argue that, when two surfaces are in contact 
under normal load, the pressure at the tips of contacting asperities is, generally, high 
enough for plastic flow to take place. The friction between two interacting surfaces can 
be related to the adhesion of strong junctions which are generated at the points of real 
contact and must be sheared for sliding to occur [24]. The frictional force (i.e. the force 
needed to produce surface sliding) can be decomposed into two contributions, i.e. the 
shear and the ploughing components. For metal surfaces, the ploughing component is 
generally smaller than that related to shear and, hereafter, it will be neglected [24, 33]. 
Tabor pointed out that relative sliding of two contacting surfaces is related to the 
combination of normal and frictional stresses and, for a 2D stress element, it takes place 
when equation (1) is satisfied, where p represents the contact pressure, τf is the 
frictional stress (tangential stress at the interface due to interaction under incipient 
sliding conditions) and K is the shear strength of the softer material [24, 27].  
2 2 23 3fp K    (1)  
 
Equation (1) represents the condition of the sliding inception and does not represent 
the condition for an asperity to yield, as the term on the right side, K, is not the von-
Mises equivalent yield stress. 
The relation between the frictional stress, τf, and the shear strength, K, is given by 
equation (2), where α=AR/AA, which ranges from 0 to 1, and is the ratio between the real 
and the apparent contact areas, AR and AA, respectively [27]. The condition α=0 
represents the “free contact state”, where the real contact area is zero as well as the 
frictional stress, while the condition α=1 represents the “full contact state”, i.e. the real 
and apparent contact areas are equal, and the frictional stress needed for sliding to 
occur is maximum. 
f K    (2)  
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The real contact area between two interacting surfaces is influenced by the deformation 
mode of the contacting  asperities (hence the loading conditions and the material 
properties of the interacting bodies) and the surfaces topographies (i.e. the surfaces 
roughnesses) [23]. However, in many practical applications for metals, plastic 
deformation of asperities occurs even when the contact pressure, p, is an order of 
magnitude less than the yielding pressure, p0, of the material [23].  
In ref. [27], Leu reported a hyperbolic tangent function to relate α to p, given in equation 
(3), where Ca is a factor used to control the value of the hyperbolic function, assumed to 
be equal to 3 in ref. [27], and σu is the ultimate stress of the softer material. 
tanh a
u
p
C

 
  
 
  
 
(3)  
The Ca can include the effects of contaminant layers (which can change the material 
plasticity properties of the underlying metal [23]) and the local distribution of 
dislocations in the metal on the real contact area ratio, α [27]. It needs to be accurately 
evaluated. 
When the contact pressure increases, more asperities come into contact, and the real 
contact area ratio increases. Fig. 1 shows the variation of α with contact pressure with 
material properties obtained from a P91 steel at 600°C, for several values of Ca. 
 
Fig. 1. Variation of α with contact pressure, obtained by using equation (3) for a P91 steel at 600°C (σu = 
310 MPa) and different values for Ca. 
In ref. [27], Leu reported an expression for the friction coefficient, μ, given in equation 
(4), obtained by using Tabor’s theory. It is valid for constant friction coefficient 
conditions but can be localised when the contact interface is divided into several sub-
regions each one characterised by a contact pressure value.  
 23 1
f fF
N p
 


  

 
 
(4)  
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Equation (4) shows the dependency of μ on the real contact area, hence on local loading 
conditions and plastic material properties and surface topography, by the Ca coefficient. 
Leu pointed out that, in “full contact” conditions (α=1), the friction coefficient defined by 
equation (4) approaches infinity. This unbounded behaviour contradicts the 
experimental evidence because, for μ=∞ and α=1, at the contact surfaces, the shear 
stress components due to friction would be infinite even with a finite contact pressure 
applied [27]. However, the shear stress level in an asperity junction is finite and it is 
governed by the local loading conditions and by the plastic properties of the material, 
therefore, a limiting level to the coefficient of friction, related to the yield strength of the 
material, is required. For contacting ductile metals, Leu reported a limiting value of 
0.577 for the friction coefficient, obtained by use of equation (1) (describing the 
condition of yield inception for an asperity junction) and of the von-Mises yield criterion 
for the material of the contacting bodies [27]. Furthermore, Tabor pointed out that the 
friction coefficient value is limited to values close to unity when the contacting surfaces 
are not placed in a vacuum atmosphere and the contacting interface a contaminant layer 
is found between the contacting surfaces [24]. 
In order to overcome this contradiction, Leu proposed a formulation based on a 3D 
material element, leading to the sliding condition given in equation (5), where σ=σx=σy 
is the lateral pressure acting on the material element [27]. 
 
2 2 23 3fp K      
 (5)  
 
From equation (5), a modified expression for the friction coefficient was obtained by 
Leu [27], given in equation (6). 
 23 1
K





 
 
 
(6)  
 
For a material with a power law strain hardening (given by equation (7) in uniaxial 
form, where σ is the equivalent stress, εp is the effective strain for plastic deformation 
and A and np are material constants), Leu obtained a relation relating μ, to the real 
contact area ratio, α, and the strain hardening exponent, np [27], represented by 
equation (8) [34]. 
pn
pA    (7)  
 
1
2 223 1

 
  
  
pn


 
 
 
(8)  
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Fig. 2 is a plot of the variation of friction coefficient with contact pressure obtained by 
using equations (8) and (3), for a P91 steel at 600°C, with strain hardening exponent 
np=8.693×10-2 and σu=310 MPa (see also Fig. 1), for different values of Ca. 
 
Fig. 2. Variation of the friction coefficient with the contact pressure for a P91 steel at 600°C, with strain 
hardening exponent n=0 and σu = 310 MPa . 
When the real contact area ratio approaches unity, the friction coefficient, plotted in Fig. 
2, approaches the limiting value μLIM=0.577. When the contact pressure increases, an 
increase of α (see Fig. 1), and of the number of contacting asperities, is produced, 
leading to an increase of friction coefficient. The limit represented by μLIM is in 
agreement with practical evidence [24, 27] and has been adopted in the FE analyses 
presented in this work. The increase of the friction coefficient with the normal load for 
dry contact has been related also by Hwang and Gahr  to the increase of the real contact 
area and of the number of contacting asperities [35]. 
Leu’s model was used in the present work because of the similarities between metal 
forming processes, for which the model was developed, and SPCT. During the test, large 
deformations and a change in shape take place in the specimen, similarly to a metal 
forming process and, when ductile materials are used for testing, such as P91 steel, 
equations (1) and (8) can be used to describe the sliding inception condition and the 
friction coefficient variation for the specimen. 
 
3. Numerical modelling of Small Punch Creep Test 
 
3.1. Material constitutive model(s) for P91 steel at 600 °C 
Elastic/plastic creep analyses have been carried out for a P91 steel at 600°C. The time 
independent material behaviour has been modelled as exponential elastic/plastic with 
isotropic hardening, based on an exponential law, equation (7) [27].  
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Creep material behaviour has been modelled by using the well-known Norton law 
(secondary creep approximation), represented by equation (9) in uniaxial form, where 
c  is the creep strain rate, σ is the stress and B and n are material constants taking into 
account the effects of temperature [36]. 
n
c B     (9)  
 
Table 1 shows the chemical composition of a P91 steel [37], while Table 2 lists the 
corresponding elastic, plastic and creep material properties obtained at 600°C, with the 
stress in [MPa] and time in [h]. 
  
C Mn Si N Cr Mo Nb Cu V 
0.109 0.443 0.307 0.042 8.350 0.948 0.165 0.152 0.210 
Table 1  Chemical composition [%wt] of the P91 steel used for the analyses [37]. 
 
E [MPa] ν σy [MPa] A np B n 
1.492×10-5 0.3 280 455.4 8.693×10-2 9.795×10-32 12.342 
Table 2  Material properties (with the stresses in [MPa] and time [h]) obtained for a P91 steel at 600°C.  
 
3.2. FE model of SPCT 
In view of the symmetry of the problem, a 2D axis symmetric FE model has been 
developed for the numerical analyses using the nonlinear commercial software ABAQUS 
Standard. For the solution of the creep step, an implicit integration scheme was chosen 
because the time span covered in the analyses is relatively large and no impulsive   
phenomena are modelled. The creep time increment was controlled by the solver andan 
initial value of 1×10-30 h was used in order to achieve convergence in the early steps of 
the analyses. Furthermore, the maximum time increment was limited to 10 h, in order 
to have an accurate solution throughout the creep step and an accurate sampling of the 
output. It should be noted that, for the present work, static analyses were performed, 
and no inertia effects of any sort are taken into account.  
The specimen was modelled as a deformable part, while the punch, the support and the 
upper clamp have been modelled as rigid bodies. 
The geometry of the model conforms with the range recommended by the CWA 15627 
draft code of practice by CEN [11] on small punch testing of metallic materials, with 
specimen’s thickness, t, and diameter of 0.5 and 8 mm, respectively, punch radius, Rs, of 
1.25 mm, receiving hole radius, ap, of 2 mm and lower clamp radius of 0.25 mm. 
Fig. 3 (a) shows the solid model rendering of a quarter section of the test rig, while Fig. 
3 (b) is the corresponding section with dimensions. 
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 (a)                (b)  
Fig. 3. SPCT configuration: (a) rendering of the section of the solid model; (b) dimensions of the test rig 
[mm]. 
Different load levels, ranging between 34 and 42 kg, have been applied to the punch in 
the analyses and suitable boundary conditions have been applied to the rigid bodies 
modelling the test rig. The radial and axial translations and the rotation around the axis 
of symmetry of the support have been constrained. The horizontal translation and the 
rotation of the punch and of the upper clamp have also been constrained. The clamping 
load has been applied by imposing a vertical displacement to the upper clamp. Fig. 4 
schematically shows the loads and the boundary conditions applied to the FE model. 
 
Fig. 4. Loads and boundary conditions applied to the FE model of SPCT. 
The FE mesh adopted in the analyses has been developed taking into account the 
different stress and strain fields in various regions of the specimen and at various stages 
of the specimen deformation. A mesh sensitivity analysis was conducted in order to 
minimise numerically induced fluctuations of the contact pressure during the creep 
solution and, in the expected contact area between the punch and the specimen; this has 
led to an “optimised” element size equal to 0.0024 times the punch radius. Accurate 
modelling of the region close to the edge of contact between the specimen and the 
punch is of critical importance in predicting SPCT behaviour [14], as well as that close to 
the clamps, where a severe bending deformation stress concentration occurs. These two 
regions in the specimen have relatively small element sizes. A coarser mesh has been 
adopted for the other regions. In Fig. 5, the variation of the contact pressure versus the 
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radial coordinate is plotted for 3 different element sizes in the contact region between 
the punch and the specimen, i.e. 0.0263, 0.0065 and 0.0030 mm. Non-physical 
fluctuation are evident for the 2 of larger element sizes, while they fade when an 
element size of 0.0030 mm was used. 
 
 
Fig. 5. Mesh sensitivity of the variation of contact pressure versus radial coordinate at 
25% of the time to rupture, with a load of 34 kg. 
Fig. 6 is a swept representation of the mesh used for the FE analyses. It consists of 
15253 nodes and 14892 quadrilateral, 2D axis-symmetric, linear elements. The hybrid 
elements formulation (based on the independent interpolation of the pressure stress, 
coupled with the displacement solution) has been adopted, in order to avoid numerical 
difficulties generated when incompressible deformations occur. A reduced integration 
scheme was used in order to overcome problems related to the locking of elements. This 
can be caused by “parasite” stiffness components arising when bending deformation is 
significant, as at the early stages of the creep step in the present analyses. The CAX4HR 
element type, available in ABAQUS, was used. 
Surface to surface contact interactions have been used for all of the contacting pairs. 
The contact elements were automatically generated by the solver (1144 elements added 
to those defined by the user) and consist of stiff springs which, once activated, apply the 
contact forces to the contact nodes on master and slave surfaces (see also ref. [38]). The 
activation of contact elements occurs when the interference between the contact nodes 
is less than the specified tolerance (0 in the present analyses, therefore no soft-contact 
option was chosen). The stiffness of the contact elements varies non-linearly with the 
contact penetration (i.e. non-linear penalty formulation) and was found to be a critical 
feature of FE analyses when material flow, due to plasticity and creep, is included, as it 
directly influences the convergence and the accuracy of the solution. Also the slip 
tolerance under stick conditions (identifying the tangential stiffness of contact 
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elements) significantly affects the convergence of both the elastic/plastic and creep 
steps of the FE analysis. 
During the test, the small disc specimen undergoes severe changes in its shape, since it 
gradually turns into a conical shape. In order to account for large deformation, the 
geometrical non-linearity formulation (GNL in ABAQUS) has been used in all of the 
analyses. 
 
(a) 
(b) 
Fig. 6. (a) Swept representation of the 2D axis-symmetric mesh adopted in the FE analyses and (b) 
detailed view of the mesh in the unsupported region of the specimen. 
 
 
3.3. Modelling of the variable coefficient of friction 
The friction interaction for the contact between the punch and the specimen has been 
assumed to vary with local loading conditions, according to Leu’s model, equation (8). A 
FRIC_COEF user subroutine has been implemented in order to include this friction 
formulation into the numerical solver. 
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The subroutine is called at each contact point and can calculate the value of μ as a 
continuous function of contact pressure. The FRIC_COEF subroutine has also the 
capability to describe the variation of the friction coefficient with the temperature and 
the sliding rate. In the present work, the temperature is assumed to be constant and the 
sliding rate is low, thus only the dependency of μ on the contact pressure (see equation 
(8)) has been modelled, i.e. it neglects the dependency on temperature and sliding rate.  
In order for the calculation to be performed, also the derivatives of μ with respect to 
these three quantities (i.e. contact pressure, sliding rate and temperature) need to be 
fed into the subroutine. The effects of field variables defined by the user can also be 
taken into account.  
The round radius of the lower die has a remarkable effect on the failure time of the 
specimen as it governs the bending deformation, taking place near the supported region 
of the specimen, and the stress intensification near the contact boundary, as also 
reported in ref. [39]. Therefore, the interaction between the specimen and the clamps 
significantly affect the results of FE calculations of SPCT and, in the present work, it was 
modelled as a frictional contact [7]. The friction coefficient between the clamps and the 
specimen has been assumed to be constant, because only the effects of the friction 
formulation between the punch and the specimen have been investigated. The upper 
bound of equation (8), i.e. a constant coefficient of friction of μLIM=0.577, is used for the 
coefficient of friction between the specimen and the upper and lower dies. 
 
4. Numerical results and discussion 
Several elastic/plastic/creep analyses have been carried out using the FE model 
described in Section 3, using both variable friction formulation (equation (8)) and 
classical Coulomb’s theory, with μ ranging between 0.1 and 0.5, for the punch/specimen 
interaction. The contact between the specimen and the clamps is assumed to exhibit a 
constant coefficient of friction, equal to μLIM, in all of the FE analyses. 
At the beginning of the creep step (elastic/plastic FE analysis), the elastic and plastic 
deformations, occurring under the contact surface, affect the local loading conditions 
(i.e. the variation of contact pressure with radial position) in the contact area. These 
local conditions govern the value of the coefficient of friction (see equations (3) and (8)) 
and, in turn, the stress and strain fields resulting in the specimen. 
Fig. 7 shows contour plots of the von-Mises equivalent plastic strains at the beginning of 
the creep step for three different load cases, with punch loads ranging from 34 to 42 kg. 
In the region close to the interface between the punch and the specimen, the plastic 
strains are predicted to be larger than 10% for all of the load levels, hence the effect of 
plasticity on the variation of the contact pressure is significant. 
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The maximum von-Mises equivalent plastic strain is located at the bottom surface of the 
specimen in an annular region approximately 0.5mm away from the symmetry axis,  
similar to the critical region identified by Dymacek et al. for small punch creep test 
specimen [7]. In view of its magnitude, the plastic flow in the critical region of the 
specimen is not negligible for all of loads used in the analyses. 
From Fig. 7 it can be observed that plastic deformation influences the response of the 
specimen for all of the load levels, hence it important to take it into account. 
 
(a)
 (b) 
 (c) 
Fig. 7. Contour plot of the von-Mises equivalent plastic strain, in absolute value, at the beginning of the 
creep step with load levels of 34 (a), 38 (b) and 42 kg (c).  
Fig. 8 shows the contour plots of the von-Mises equivalent stress at the beginning of the 
creep step with the load ranging between 34 and 42 kg. 
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 (a) 
 (b) 
 (c) 
Fig. 8. Contour plot of the von-Mises equivalent stress [MPa] at the beginning of the creep step with load 
levels of 34 (a), 38 (b) and 42 kg (c). 
 
During the small punch creep test, the specimen undergoes large global deformation 
which, indirectly, affects the local contact loading conditions, i.e. the variation of the 
local contact pressure, p, with radial position and time. An increase of p on an element of 
the contact surface brings more asperities into dry contact, thus the friction coefficient, 
μ, increases on that element and, hence, more tangential load can be carried before 
global sliding occurs [35]. 
Fig. 9 shows the plots of the punch displacement versus creep time for the three load 
levels (34, 38 and 42 kg) used in the numerical analyses. The cases include both variable 
and constant friction coefficient conditions. Ca=3 has been used in the cases with 
variable friction coefficient (see equation (3)) for consistency with ref. [27]. 
16 
 
From Fig. 9, the effect of the coefficient of friction formulation on the results of FE 
analyses can be observed and, for the test cases with constant μ, consistency with the 
results reported in ref. [8] is found. For a given load level, when the coefficient of 
friction increases, the minimum displacement rate decreases and the failure time 
increases. In this work, as Norton’s law was used, the failure time has been defined as 
the creep step time when the solution does not converge. 
 
 (a)  (b)  
 (c) 
Fig. 9. Plot of the punch displacement versus time for a load of 34 (a), 38 (b) and 42 kg (c). Ca=3 for the 
variable friction coefficient test cases. 
The influence of μ on SPCT output can be explained by considering the effect of the 
distributed forces, generated by friction, on the stress field of the specimen. Friction 
forces induce a local stress field that opposes the relative global motion (sliding) of the 
interacting bodies. Consequently, a bending moment, which contrasts the global 
deformation of the specimen, is generated because of the equilibrium.  
For a given punch load level, when the friction coefficient increases, the magnitude of 
the friction forces increases as well. In turn, the magnitude of the bending moment 
contrasting the global deformation of the specimen increases. This causes a decrease in 
the minimum displacement rate and an increase in the failure time. 
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In order to evaluate the effects of the Ca parameter (see equation (3)) on the numerical 
results, FE analyses have been performed using the variable friction formulation, 
equation (8), with Ca ranging from 1 to 20. The results of the analyses (i.e. the variation 
of the punch displacement with time) are shown in Fig. 10 for a load of 38 kg.  
 
 
Fig. 10. Plot of the punch displacement versus time for a load of 38 kg and different values of Ca. 
The minimum displacement rate and the failure time are highly sensitive to the Ca 
parameter, especially in the range between Ca=1 and Ca=10. When Ca increases, the 
failure time increases and the minimum displacement rate decreases. This behaviour is 
due to the effect of Ca on the real contact area ratio, α (equation (3)), and, in turn, on the 
coefficient of friction (equation (8)). In view of the results shown in Fig. 10, an accurate 
estimation of Ca, from surface roughness and material properties of the specimen, is 
needed in order to obtain accurate estimations of μ [27]. 
Fig. 11 reports the variation of the contact pressure versus time and radial coordinate 
normalised with respect to the radial position of the contact edge, rcont, obtained from 
the results of the FE analyses carried out by using Leu’s friction formulation with a 
punch load of 34, 38 and 42 kg.  
For all of the load levels, the contact pressure exhibits a peak value at the contact edge 
during the whole time span covered by the analyses except from the time to rupture, 
when the peak pressure value is at some distance from the contact edge. The variation 
of the contact pressure is governed by the reaction of the specimen to the punch load 
and by the hemispherical shape of the punch head. When creep proceeds in the 
specimen, the reaction of the structure to the load generates a bending moment which 
tends to rotate an annular section of the material in the contact edge region. This 
rotation causes a decrease in the contact pressure near the axis of symmetry and an 
increase of pressure near the ‘hinge’ of rotation, i.e. the contact edge. 
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(a)     (b)  
(c)  
Fig. 11. Variation of the contact pressure with normalised radius, 
cont
r
r
,  and creep step time for load 
levels  of 34 kg (a), 38 kg (b) and 42 kg (c).  
The variation of the coefficient of friction on the contact surface, over the creep step, has 
been evaluated from the FE results performed by using Leu’s friction formulation 
(equation (8)). Fig. 12 is a plot of the coefficient of friction over the contact region for a 
punch load of 34 kg at different creep times, while Fig. 13 shows the variation of the 
friction coefficient with creep step time and the radial coordinate normalised with 
respect to the contact radius, for Ca=3. 
The coefficient of friction has been found to vary significantly over the area of contact 
and. During most of the creep step, its maximum value has been found to occur at the 
contact edge (see Fig. 12 and Fig. 13). This variation is related to the mode of 
deformation of the specimen, which is characterised by the effects of material 
nonlinearities (such as plasticity and creep), varying geometrical stiffness of the 
specimen (effects of large deformations and necking), and the severe loading conditions 
which occur at the contact edge. 
During creep deformation, at the centre of the specimen, a minimum cusp point can be 
observed in the distribution of μ (see Fig. 12 and Fig. 13).  This can be related to the 
global response of the small disc specimen, related to the axis-symmetric geometry and 
the material constitutive model.  
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(a)(b)  
 (c)(d)  
Fig. 12. Distribution of the coefficient of friction, μ, at creep step time t=0.25 tf (a), t=0.5 tf (b), t=0.75 tf (c), 
t=0.99 tf (d), for a load level of 34kg, over a quarter section of the contact surface. 
As creep proceeds in the specimen, the loading mode progressively changes from 
bending dominant to "membrane stretching” dominant and the stress field redistributes 
within the specimen. The effects of the transition are visible also in Fig. 12 and Fig. 13. 
Furthermore, the average magnitude of μ decreases with time, since the apparent 
contact area progressively increases under a constant punch load. 
The stress redistribution, related to creep deformation, modifies the shape of μ=μ(r) 
(see Fig. 12). After a creep step time of approximately 0.5 tf, the friction coefficient 
remains almost constant at its minimum value in the annular region between 0.4 rcont 
and 0.7 rcont, where rcont is the radial position of the contact edge. This region expands 
when the creep step proceeds. The distribution of the coefficient of friction is then 
drastically modified when the failure time is approached and the maximum value of μ is 
at the radial position r/rcont≅0.9 (see Fig. 12 and Fig. 13).  
The peak level of the friction coefficient is located at the contact edge during the 
majority of the creep step of the analyses because, in view of equations (3) and (8), the 
friction coefficient increases with and increase in the contact pressure and, from Fig. 11, 
the peak level for the contact pressure is also located at the edge of contact for most of 
the duration of the analyses. Therefore, the variation of the friction coefficient reported 
in Fig. 13 is consistent with that of the contact pressure shown in Fig. 11. 
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The punch load does not affect the variation of μ=μ(r) to a large extent during creep 
analyses, as the governing deformation modes are the same for the three of the load 
levels adopted. 
 
 (a)   (b)   
 (c) 
Fig. 13. Variation of the coefficient of friction with normalised radius, 
cont
r
r
,  and creep step time for load 
levels  of 34 kg (a), 38 kg (b) and 42 kg (c).  
 
From Fig. 9, the displacement curves obtained from the cases with variable friction 
formulation were found to be similar to those calculated by using a constant 
“equivalent” coefficient of friction. 
In order to investigate the possibility to identify an “equivalent friction coefficient”, 
some additional FE analyses were performed using Coulomb’s theory, with μ of 0.22 
(for a load of 34 kg), 0.24 (for a load of 38 kg) and 0.26 (for a load of 42 kg). The values 
of minimum displacement rate and failure time obtained by these three analyses were 
similar to those obtained by using the variable friction formulation of equation (8) with 
the respective loads. This shows that a value of the coefficient of friction, capable of 
including the effects of the contact pressure on FE results, cannot be identified, as 
different load levels lead to different values of the “equivalent friction coefficient”, 
which increase with the load. 
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In the regions of the specimen far from the interface with the punch, use of constant 
“equivalent” values of the coefficient of friction lead to stress and strain distributions 
similar to those obtained from the variable friction cases. However, in the vicinity of the 
punch/specimen interface, the stress and strain fields differ significantly. 
Furthermore, the “equivalent” friction coefficient is not equal to the average value of the 
coefficient of friction,  , obtained from Leu’s formulation. The average value   ranges 
from 0.19 to 0.21 for the three load levels used (see Fig. 12). This discrepancy between 
  and the “equivalent” value is related to the highly non-linear response of the 
specimen. It suggests that different regions of the punch/specimen contact surface have 
different effects on the stress and strain fields, affecting the bending and membrane 
stretching response. For example, the peak of the friction coefficient occurs at the 
contact edge and shows there to be a higher influence on the test output than other 
regions of the contact area, as the “equivalent” value of μ is always higher than  . 
Fig. 14 is a Scanning Electron Microscope (SEM) image of a P91 steel SPCT specimen 
tested at 600°C. The image shows the top surface of the specimen with the test 
interrupted at approximately 90% of the time to rupture. A remarkable wear can be 
noticed in Fig. 12 at the edge of the contact region between the punch and the specimen. 
The high degree of wear indicates that high localised shear stresses characterise the 
interaction between the punch and the specimen. This observation is consistent with 
the variation of the coefficient of friction over the contact region reported in Fig. 11, 
where the peak value for μ is at the contact edge.  
 
 
Fig. 14.  Top surface of an SPCT specimen of a P91 steel at 600°C. 
When a constant friction formulation, i.e. ‘classical’ Coulomb’s theory, is used, the local 
friction force is linearly proportional to the contact pressure, therefore, in view of Fig. 
11, the local friction forces applied by the punch to the specimen would also have a peak 
at the contact edge. However, by using Leu’s formulation, the increase in the local 
friction forces with the contact pressure is more than linear because also the coefficient 
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of friction increases with an increase in contact pressure (modelling the increase in the 
tangential load carrying capability of the junction asperities due to the increase in the 
local closing contact force). 
In the present work, since Norton’s creep law (steady-state creep approximation) has 
been used, material creep damage and deterioration are not taken into account. 
Therefore, the “tertiary SPCT region”, i.e. the region where the punch displacement rate 
drastically increases (see Fig. 9 and Fig. 10), is caused by progressive necking of the 
critical annular region of  the specimen (i.e. geometrical softening, see also refs. [7, 14]), 
accounted for by the GNL formulation. This assumption affects the accuracy of the FE 
analyses, as the material in the specimen undergoes strain levels which are compatible 
with the tertiary creep regime even at the beginning of the test [1]. An improvement in 
the accuracy of numerical results could be obtained by using continuum damage 
mechanics (CDM) creep constitutive models (such as the Kachanov-Rabotnov or the Liu 
& Murakami CDM constitutive models), which are capable of  describing the whole 
creep curve, including the tertiary creep regime and the effects of creep damage [40]. 
 
5. Concluding remarks 
Elastic/plastic/creep FE analyses of a small punch creep test specimen were carried out 
with the aim of investigating the effects of local loading conditions, i.e. contact pressure, 
on the distribution of the coefficient of friction. A variable friction coefficient 
formulation, developed for metal forming by Leu [27], linking the real contact area, thus 
contact pressure, material properties and contact surfaces roughness to the coefficient 
of friction, was adopted in the current work to model the tangential behaviour of the 
specimen/punch interaction. 
The results of the analyses showed that the friction coefficient varies over the contact 
surface during creep step. The large deformation of the specimen and the plastic and 
creep material flows govern the local contact loading conditions and, in turn, the 
variation of the coefficient of friction, which was found to significantly influence the 
variation of the punch displacement versus time. However, in the open literature, there 
is currently no experimental evaluation of the coefficient of friction between the punch 
and the specimen during SPCT, therefore the validation of the results reported in this 
paper is not straightforward to achieve. Although the variation of μ has been identified, 
an accurate estimation of its value is still not possible because the numerical results are 
affected by the Ca parameter, which is used to identify the real contact area and is 
related to material properties and surface roughness of the specimen. Further 
investigation might include the calibration of Leu’s friction formulation by experimental 
tests, such as a ball on disc experiment, in order to identify a realistic value of the Ca 
parameter for the materials used in this study. The calibration will also allow to identify 
the values of the coefficient of friction for SPCT, while only its variation over the contact 
area could be evaluated by a purely numerical approach. 
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A procedure to accurately identify this parameter is still not available; this would enable 
an important improvement over present FE models. 
 
The friction formulation could be improved by taking into account also the “thermally 
activated adhesion” and investigating its effects on FE results [41] and, at the moment, 
validation of numerical results is not possible because corresponding experimental 
results are not available.  
In the analyses reported in this work, the failure of the specimen is related just to 
geometrical softening (necking) of the specimen, as the material deterioration, 
characteristic of tertiary creep, is neglected (Norton’s creep law has been used) and, 
furthermore, the effects of plastic strains on creep material response are not modelled. 
In view of these factors, it is concluded that the accuracy of the numerical solution can 
be greatly improved by using a more sophisticated constitutive model which is capable 
to take into account creep damage and plasticity/creep interaction. 
Furthermore, the present work was carried out by analysing a force-controlled test and 
significant effects of the friction formulation on minimum punch displacement rate and 
time to rupture of the specimen were observed. A further investigation would concern 
the behaviour of the specimen in the displacement-controlled variation of the SPCT, as 
described in ref. [29], when different friction formulations are adopted. The friction 
formulation would influence the stress distribution in the specimen and, as a 
consequence, the balance between the force applied by the punch and the bending and 
stretching reactions of the specimen to that load. In turn, the variation of the punch load 
versus the punch displacement (i.e. the output of this typology of SPCT) is expected to 
be affected by friction formulation. 
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List of Figure captions 
Fig. 1 Variation of α with contact pressure, obtained by using equation (3) for a P91   
steel at 600°C (σu = 310 MPa) and different values for Ca. 
Fig. 2 Variation of the friction coefficient with the contact pressure for a P91 steel at 
600°C, with strain hardening exponent n=0 and σu = 310 MPa . 
Fig. 3 SPCT configuration: (a) rendering of the section of the solid model; (b) 
dimensions of the test rig [mm]. 
Fig. 4 Loads and boundary conditions applied to the FE model of SPCT. 
Fig. 5   Mesh sensitivity of the variation of contact pressure versus radial coordinate at 
25% of the time to rupture, with a load of 34 kg. 
Fig. 6 (a) Swept representation of the 2D axis-symmetric mesh adopted in the FE 
analyses and (b) detailed view of the mesh in the unsupported region of the 
specimen. 
Fig. 7 Contour plot of the von-Mises equivalent plastic strain, in absolute value, at the 
beginning of the creep step with load levels of 34 (a), 38 (b) and 42 kg (c). 
Fig. 8 Contour plot of the von-Mises equivalent stress [MPa] at the beginning of the 
creep step with load levels of 34 (a), 38 (b) and 42 kg (c). 
Fig. 9 Plot of the punch displacement versus time for a load of 34 (a), 38 (b) and 42 kg 
(c). Ca=3 for the variable friction coefficient test cases. 
Fig. 10 Variation of the contact pressure with normalised radius,  ,  and creep step time 
for load levels  of 34 kg (a), 38 kg (b) and 42 kg (c). 
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Fig. 11 Plot of the punch displacement versus time for a load of 38 kg and different 
values of Ca. 
Fig. 12  Distribution of the coefficient of friction, μ, at creep step time t=0.25 tf (a), t=0.5 
tf (b), t=0.75 tf (c), t=0.99 tf (d), for a load level of 34kg, over a quarter section of 
the contact surface. 
Fig. 13  Variation of the coefficient of friction with normalised radius, r/rcont, and creep 
step time for load levels of 34 kg (a), 38 kg (b) and 42 kg (c). 
Fig. 14 Top surface of an SPCT specimen of a P91 steel at 600°C. 
 
